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Based on a new first-order nonlinear ordinary differential equation with a sixth-degree nonlinear
term and some of its special solutions, a generalized transformation method is proposed to obtain
more general exact solutions of the (2+1)-dimensional Konopelchenko-Dubrovsky equations. As
a result, new exact nontravelling wave solutions are obtained including soliton-like solutions and
trigonometric function solutions, from which all travelling wave solutions obtained by B.C. Li and
Y. F. Zhang [Chaos, Solitons and Fractals (2007), doi:10.1016/j.chaos.2007.01.059] can be recovered
as special cases. Compared with Li and Zhang’s method and the method of D.J. Huang, D.S. Li,
and H. Q. Zhang [Commun. Theor. Phys. (Beijing, China) 44, 969 (2005)], D.J. Huang and H. Q.
Zhang [Rep. Math. Phys. 57, 257 (2006)], D.J. Huang, D.S. Li, and H. Q. Zhang [Chaos, Solitons
and Fractals 31, 586 (2007)], the proposed method is more powerful in searching for exact solutions
of nonlinear evolution equations in mathematical physics.
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1. Introduction

The investigation of exact solutions of nonlinear
evolution equations (NLEESs) plays an important role
in the study of nonlinear physical phenomena. In
the past several decades, many effective methods for
obtaining exact solutions of NLEEs have been pre-
sented, such as the inverse scattering method [1],
Hirota’s bilinear method [2], Béacklund transforma-
tion [3], Painlevé expansion [4], sine-cosine method
[5], homogenous balance method [6], homotopy per-
turbation method [7-9], variational method [10-—
13], asymptotic methods [14], non-perturbative meth-
ods [15], Adomian decomposition method [16], tanh-
function method [17 —21], algebraic method [22-25],
Jacobi elliptic function expansion method [26-28],
F-expansion method [29—34], and auxiliary equation
method [35-39].

With the development of computer science, recently,
directly searching for exact solutions of NLEEs has at-
tracted much attention. This is due to the availability
of symbolic computation systems like Mathematica or
Maple which enable us to perform the complex and
tedious computation on computers. For example, the
Exp-function method proposed by He and Wu [40] is a
straightforward and concise method for obtaining gen-

eralized solitonary solutions, solitary wave solutions
and periodic solutions of NLEEs. The solution proce-
dure of this method, by the help of Mathematica, is of
utter simplicity, and this method has been successfully
applied to many kinds of NLEEs [41 —45].

Recently, Huang et al. [46 —48] proposed a new di-
rect method by introducing a new first-order nonlinear
ordinary differential equation with a sixth-degree non-
linear term and its known solutions to construct exact
travelling wave solutions of NLEEs. Very recently, Li
and Zhang [49] proposed a transformation method to
develop this method.

In the present paper, we introduce a general trans-
formation to generalize and improve the work made
in [46—49] for finding more general exact solutions of
NLEEs. In order to illustrate the effectiveness and con-
venience of the method, we would like to consider the
(2+1)-dimensional Konopelchenko—Dubrovsky (KD)
equations [50]

3
Uy — Uy — OB uty + E(xzuzux —3vy+30u,v=0, (1)

Uy = Vyx, (2)

where o and f are real constants. For u, = 0, (1) is
the Gardner equation [combined Korteweg—de Vries
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(KdV) and modified KdV equation]. For o = 0, (1)
is the well-known Kadomtsev-Petviashvili (KP) equa-
tion, and the modified KP equation reads from (1) for
B = 0. Many authors [21,31,33,51-55] have studied
(1) and (2), and obtained many types of exact solutions.
Very recently, Li and Zhang [49] found new travelling
wave solutions by means of a transformation method.
In this paper, we will obtain new and more general
exact solutions namely nontravelling wave solutions,
each of which can not be obtained by the methods de-
scribed in [46 —49], and besides, all solutions obtained
in [49] can be recovered as special cases.

The rest of this paper is organized as follows: in Sec-
tion 2, we give the description of a generalized trans-
formation method; in Section 3, we use the general-
ized transformation method to obtain explicit and exact
nontravelling wave solutions of the (2+1)-dimensional
KD equations; in Section 4, some conclusions are
given.

2. Description of the Generalized Transformation
Method

For a given NLEE, with independent variables X =
(x,y,...,t) and a dependent variable u,

F(uyuty, U, Uy, oo Ug Uy gy U, Uyy, .. .) =0, (3)

we seek its solutions in the more general form [29]:

u =ao<x>+il{ai<x>¢"<a§>+bi<x>¢f(é)
(X8 (€)' (E) - d(X)0(E)O'(E)),

where a;(X), bi(X), ci(X), d;(X) and & = &(X) are all
functions to be determined later. ¢ () satisfies the aux-
iliary ordinary differential equation

O%(E) =ho+ (&) +ha9*(E) +hao’(€)
+ had*(E) + hsd” (§) + he9®(E),

where h; (j =0,1,2,...,6) are all parameters; the
prime denotes d/d&.

It can be easily found that the transformation (4) is
more general than those constructed in [46—49]. To be
more precise, if b;(X) = ¢;(X) =di(X) =0, ap(X) = ap
and a;(X) = a; are constants, and £ is merely a linear

“4)

2hpsech? (Via (€ +&))
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function of x and ¢, namely & = x — ¢t + [, then (4)
exactly becomes the one used in [46—48]:

u= ia,ﬂ)"(é).
i=0

If ¢;(X) = di(X) =0 and & = k(x+ Iy — At), then (4)
reduces to

=Y api(€)+ Y +hio(E),
i=0 i=1

which is equivalent to that proposed in [49].

It shows that taking full advantages of the transfor-
mation (4) we may obtain new and more general exact
solutions of NLEEs including not only all travelling
wave solutions obtained by the methods of [46—49]
but also new types of exact solutions which can not be
obtained by the method of [46—49]. In order to deter-
mine u explicitly, we take the following four steps:

Step 1. Determine the integer n. Substituting (4)
along with (5) into (3) and balancing the highest-order
partial derivative with the nonlinear term(s) in (3), we
then obtain the value of n.

Step 2. Derive a system of equations. Substituting
(4), given the value of n obtained in Step 1, along
with (5) into (3), collecting coefficients of ¢/ (&)o' (£)
(I1=0,1;j=0,£1,£2,...), then setting each coeffi-
cient to zero, we can derive a set of over-determined
partial differential equations for ao(X), a;(X), b;(X),
¢i(X). di(X) and & (X).

Step 3. Solve the system of equations. Solving the
system of over-determined partial differential equa-
tions derived in Step 2 by use of Mathematica, we ob-
tain the explicit expressions for ao(X), a;(X), bi(X),
Ci(X), di(X) and 5

Step 4. Obtain exact solutions. By using the results
obtained in the above steps, we can derive a series of
fundamental solutions of (3) depending on the solu-
tion ¢(&) of (5). Given different values of h; (j =
0,1,2...,6), (5) has many kinds of special solutions.
Some of them are listed in [23] under the condition
hs = hg = 0. We list and consider in this paper only the
ones with hg # 0 as follows:

I. Suppose that hg = h| = h3 = hs =0, hg < 0 and
h3 — 4hahe > 0.

(1) If hy > 0, hy < 0, then (5) has the following so-
lutions:

2

9(8) =

24/h3 — 4hyhe — (\/h3—4h2h6+h4> sech?(v/la (& + &) ’

(6)
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1
2
o(E) = 2h,csch? (:I:\/h_z(f + éo)) o
201 = 4hohs + (/13— 4hahs — hs ) esch? (£ (€ + &)
(i) If iy < 0, hgy > 0, then (5) has the following solutions:
5
¢(5) _ —2hzsec2 (4 /—/’lz(é + éo)) ®)
2\ / hi —4hyhg — (\ / /’lézl —4hyhe — /’l4) sec? (\/ —hz(f + fo))
%
o)~ o (/T ) 0
2/h2 — dhyhg — (, /12 — dhayhg +h4) csc? (+v/ =T (& + &)
2
IL Suppose that hy = h3 = hs =0, hg = % and 2HI- Suppose that hg = hi = h3 = hs =0 and he =
> hy
he = 7. Ty

@A) If hy < 0 and hyg > 0, then (5) has the following
solutions:

8hs tanh? (i\/—i}%(f + éo))

o= _3h4 [B—Hanhz (i\/j%(éj%o)ﬂ |
(10)
8Ky coth? (i —%(5—1—50)) _
¢(8)=1 -
3hy [3+coth2 (i\/—T%(aj +§o)>}
(11)
(ii) If b, > 0 and hy < 0, then (5) has the following
solutions:

B 8h, tan? (i\/@z(é +§o)) : .
oo 3y [3—tan2 (i\/@(cﬂéo)ﬂ 0
) 8y cot? (i ke +<§o)) :
¢()= . [3_00t2 (i\/?(éﬂio)ﬂ . (13)

If hp > 0, hy < 0, then (5) has the following solu-
tions:
1

&) ={ -2 [1+ann (/A + &)} s
¢<5>={—Z—j [1+Coth(\/5(€+§o))”%- (1s)

Remark 1. In order to determine the explicit so-
Iutions of the partial differential equations derived in
Step 2, we may choose special forms of a(X), a;(X),
bi(X), ci(X), di(X) and &(X) as we do in Section 3.

3. Nontravelling Wave Solutions of the
(2+1)-Dimensional KD Equations

In this section, let us consider the (2+1)-dimensional
KD equations (1) and (2). According to Step 1, we get
n =2 for u and v. In order to search for explicit so-
lutions, we suppose that (1) and (2) have the formal
solutions

u=ao(y,1) +a1(y,)$(&) +az(y,1)9*(§)
+b1(%,1)9 7" (§) +ba(y,1)9 2 (8) (6
+e1(1)¢" (&) +e2(v,1)9"(£)¢(S)
+di (309" (5)0 (&) +da(,1)9' (§)0 (&),

v="A0(31) +A1(n1)9(E) +Aa2(y1) 9 (&)
+B1(31)0 " (&) +Ba(y.1)9 (&) (17
+C1(0,1)9' (&) +Ca(y,1)9"(§)9(8)
+D1(3,1)9'(&)0 (&) + Da(y,1)9' (§)92(8),
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where & = kx + n(y,t) and k is a nonzero con-
stant.

Substituting (16) and (17) along with (5) into (1)
and (2), the left-hand sides of (1) and (2) are converted
into two polynomials of ¢/(&)¢/ (&) (i = 0,1;j =
0,4+1,42,...). Then setting each coefficient to zero,
we get a set of over-determined partial differential
equations for ag(y,1), a1 (y,7), az(y:1), b1(y,1), b2(y,1),
cat), cat), di(yt), da(y,1), Ao(y,1), Ai(y,1),
As(yi1), Bi(y,1), Ba2(v,1), Ci(y,1), Co(v:1), Di(yi1),
D, (y,t) and n(y,t). Solving the set of over-determined
partial differential equations by use of Mathematica,
we get the following results:

Case 1.
kpyoo— f(t) B
ap(y,t) = T ra (nt) = ai, (18)
ag(y,t) =day, bl(yvt):()v
bZ(yat) = 07 Cl (yat) = Oa C2(y>t) = Oa (19)
dl(yvt):()v d (yvt):()»
Ao(yt) = [p2+6ask(pro® —2B) f(t) + 3azaf>(t)
—2d3ka(yf (1) +8'(1))] [6a3K*a] ', (20)
aif(r) _axf(r)
Al(yat)_T7 AZ(yat)_ k ) (21)
Bl(y,[)zo’ BZ(yvt):Oa Cl(yvt):()a
CZ(yvt):Oa Dl(yat)zo DZ(yat):Oa
(22)
nyt) =yf(t)+g),
ho = hg,

hi = a1 (32p2 + K a(ato® +96a3p; (pro® — 4B)
—16a3ay(p1o® —2B)))(256a3k )", (23)
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where f(r) and g(r) are arbitrary functions of ¢, f(r) =
df(r)/dr, g'(t) = dg(t)/dt, ay is a nonzero constant,
while a;, p; and p, are all arbitrary constants.

Case 2.

2kpB —
aoly) = 2P g5y =0,
(27)
2k+/h
) =20 ) =0,
bZ(yvt):Ov (yv ):0» CZ(yvt) :0»
(28)
2k
dl(yat):iaa dZ(yat):Oa
Ao(y,1) = [12B%K% — dhok*a® + 30> f2(1)
— 2k (yf (1) +£'(1))] [6k2a] ', (29)
A](y,t):(),

L 2Vhef (1) _
AZ(yvt)* o Bl(yvt)* ’ (30)
BZ(yvt):Oa Cl(yvt):()a

_ 2f(1)

CZ(yvt)*Ov Dl(yv )*i o ) (31)
Dy(y,t) =0, n(yt)=yf(t)+g),
ho=ho, h1 =0, hha=hy, h3=0

(32)
hy=hy, hs=0, he=he,

where f(r) and g(¢) are arbitrary functions of ¢, f'(¢) =

df(e)/dr. g(1) = dg(e)/dr.
Now we use Case 1 to obtain exact solutions of (1)
and (2). When setting

(p2+3a3pra(p10® — 4B))?
S4a3kba? (pra —2B8)
2632 (p10? —2B)? - @(p2 + 303K prac(pr o — 4B))

a1:0, /’l():

hy = [32py — 3k a(ato — 32a3py (p1o® — 4B) 0
(24) =
—16d2a (pro® —2B))| [256a3k* a] ',
: 22(p21 B))] [2 2 ] in Case 1, we can verify that iy = h3 = hs =0, and ho,
2
hy = ai (6110! + 16612(1;1 o — 23))’ hy, hs and hg satisfy the conditions hg = % hg = f;‘z
32ask (25) inlL
e a3 4+ 16ax(pro® —2f8) If (p2 + 3a3k%pra(pra® — 4B))/a < 0 and
4 64K2 ’ a>(p1a2 —2B) > 0, then from (10) and (11) we obtain
3a,a,02 a% o2 soliton-like solutions of (1) and (2):
hs = = 26
5 T RTIEE (26)
2,2 2 _ 2 pa+3a3k2piau(p1 o2 —4B)
g 4023l - 48) e ) .
B kot +3a2K2 —4 ’
3a3k2o(pra? —2) {3—Hanh2 (:l:\/ AR 25;20;(4[71(1 A) (&+&)



S. Zhang - Solutions of Konopelchenko-Dubrovsky Equations 693

P2 +6a3k(pro® —2B) f(1) + 3a300 (1) — 2azka(yf' (1) +&'(1))
- 6a2k2 02

a 2 2
2+ 3311 ~4B)) (0 ant? (£ [~ RSP e gy ) (34
a22 2 ’
3a3K3a(pra? —2B) [3+tanh2 (i\/ p+? zkzj’;f,; o —4) (é+§))}

where & = kx+yf(t) +g(t);

2 2
L R e )

_ kproo—f(1)
= - o — ;o (39
3a3k20(pra® — 2B) {SJrcoth2 (i\/—p2+ - zf;zifla De+& ))]
_ p2+6a3k(p1o® —2B)f(1) +3a30.f> (1) — 2a3kau(yf" (1) + (1))
- 6a2k> a2
4(p2+3a2k2p1(x(p1062 4B))f (1) coth? <i\/_l’z+3a2k;f;20]i4pl(x2 4B) (é +& )) 36)

)

2 2
3ak3a(pro? —2B) {3 + coth? (i\/ ”2+3“2sz£4“05 P+ éo))]

where & = kx+yf(t) +g(¢).
If (p2 +3a5k*pra(pra® —4B)) /o > 0 and a(pra® — 28) < 0, then from (12) and (13) we obtain trigono-
metric function solutions of (1) and (2):

2 2
{2+ 33 pra(prod 4B (£ [EOEREAE) ¢  ) )
2

kproo— f(t
_ kps kaf()+ — — , (37)
3a3k2o(pra? —2p) [3 — tan? (i\/p2+ ~ 25;2015(4;;105 2 (&+& ))]
_ p2+6azk(pro? —2B)f(1) +3a30f> (1) — 2azka(yf" (1) +&'(t))
6ask> a2
212 2
4(p2+3a3K*pra(p1a® — 4B)) (1) tan’ (iJ i)+ & >) (38)
+ ,
Sa3a(p10? - 2B) |3t (/PRI Dy gy )|
where & = kx+yf(t) +g(t);
272 2 2 Pp2+3a3k2 pro(p1a—4B)
B i (2/iSpene iy gy ) "

koo 7
Saa(p10? - 26) [3 - cof (/BRI Dy gy )|
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_ p2+6a3k(p1o® —2B) f(1) +3asaf? () — 2a3ka(vf'(¢) +'(1))
6a3k>a?

212 2
L O EY e e ) (40)
a. 2 ’
3 a(pya? - 2B) [3 ~cof (i\/ RSB ¢ g, ))]

where & = kx+yf(t) +g(¢).
When setting

+

a1 =0, hy=0, 2ak*(pra*—2B)* - a(pr+3ak>pra(pia® —4B)) =

2
in Case 1, we can verify that h; = h3 = hs = 0, and hy, hy, h4 and hg satisfy the conditions hy =0, hg = 4:1742 in 11
If p) + 3a§k2p1(x(p1a2 —4B) > 0 and ax(p1ar®> —23) < 0, then from (14) and (15) we obtain soliton-like
solutions of (1) and (2):

(p2+3a3k*pra(pro® —4P)) [1 + tanh (i\/pﬁS%kzs[;lz;pla b (5 +&o ))}
41)

_kproa—f(1)
N ka 2a3k2 o (pra? —23)
_ p2+6ask(pio® —2B) f(1) + 3as0f? (1) — 2aska(yf' (1) +£'(t))
- 6ask> a2

: : (42)

(p2+ 3030110~ 4)) 1) 1+ ant (2 [OERENE D) ) )|
- 2a%k3a(pra? —2B) ’
where & = kx+yf(t) + g(t);
e g (el —4B) 1+ com (£ [ERR L W) g )
=2a S T . (43)
_ pa+6a3k(pra® —2B) f(t) +3adof? (1) — 2a3ka(yf (1) + (1))
- 6ask> a2
(44)

(p2+3a3k2pra(pro® —4B)) f(r) {1 + coth (i\/ ”2”“2"28’;‘22‘42‘“2 P&+ & ))]

2a5k3 au(pra? —2) ’

where & = kx+yf(t) + g(¢t).

It should be noted that if setting p; = ag+1/a, pr = —ask?> (91> — 6bya® + 6apla® — 121 +2al), f(t) =kl
and g(¢) = —kAt in (33)—(44), then all solutions (32)—(37) in [49] can be recovered. Here we would like to
point out that each term [6(12Bag + 61> + 24 — 3a? (2) —6aby)] 1/2 of the solutions (34) and (35) obtained by Li
and Zhang in [49] should be corrected as [—6(12Bag + 6/% + 24 — 3a%a} — 6atby)]'/2. Also the solutions (36)
and (37) in [49] should be, respectively, expressed as:

_ _ 2_
(12Bag + 612+ 24 — 302a2 — 6auby) ( 1 + tanh [i V- 212Pao O 124 S0lay6abo) () 4 no)] )

2(—al — o2ag +2B) ’

us = ap—
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1(12Bag + 612 + 24 — 302a2 — 6athy) <1—Hanh[j:\/ 2(12Ban -6+ 2A ~30ap 6‘“’0)(n+no)D

= b —_
0 2(—al — o2ag+2P) ’
and
2 2.2
(12Bag + 612 + 21— 30%a 6abo)< +coth [i\/ 202 ag+ 6724 307ay_6abo) (TH-T]O)])
o =40 = 2(—al — o2ag+2B) ’
2 2
1(12Bag + 612+ 21 — 30%a 6abo)( +coth [i‘/ 2(12Ba+ 61 +22 —3oCai—atbo) (n+no)D
Ve = b() — .

2(—ol — o2ag+2P)

We next use Case 2 to obtain exact solutions of (1) and (2). When setting

8h2 h?
h():—zv h6:4_];127

hy >0, hys<O
27ha 2 , N4

in Case 2, then from (12) and (13) we obtain trigonometric function solutions of (1) and (2):

_ 2kB—af(t) Bkatan® (i\/gz(é ’ gO))
T k2 T 300 [3 ~ tan? ( b (& +<§0)>}

ab+%m< %@+@0}

+

)

_ 1zﬁ2k2—4h2k4a2+3a§f2(t)—2ka2(yf’(t)+g’(t)) SV f (1) tan® <i\/; 5“50)

ok2a [_mﬁ(i¢§é+@>]

Ve @cor (/5 +) ) sin (225 +8) ) [3- e (/B e+ )]
o [1 +2cos (iz\/@z(é +<§0)>} |

(46)

+

where & = kx+yf(t) + g(t);

upa SRR (25 0)

ka2 30t [3 — cot? (i\/@z(é + é:o)ﬂ

2ky/375 tan (j: JEE+ éjo))
aﬂ%+%m< %@+@0}

+ ; (47)
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L 12B%k* — 4hok* o + 3a3 12 (1) — 2ka (yf'(t) + &' (1))

When setting

6k2 03
svizr0)cor (25 6+ &) 20ERs0)n (/5 +8) ) )
¥ + :
30 [3 — cot? (i\/}gz(é +<§0)>} o {—1 +2cos (iz %(5 +<§o)>}
where & = kx+yf(t) + g(¢).
hy=0, hg= hﬁ hy >0, hy<O
0=70, 6—%» 220, m<
in Case 2, then from (14) and (15) we get soliton-like solutions of (1) and (2):
L 2B —af(t) | kv [1+tanh (£vAa(E +80))] | kvhasech? (v (& + o)) 49)
I o a[1+tanh (£/72 (& +&)))]’
12 — Aokt o +3a3 2 (1) — 2ka (yf! (1) + &' (1))
V= 6k2a
(50)
N Vhof(t) [1 +tanh (i\/E(é + 50))] + Vo f(t)sech? (i\/h_Z(é + 50))
o o [1+4tanh (£vho (€ + &))]
where & = kx+yf(t) + g(t);
"y Zkﬁ — Otf(t) 4 k\/E [1 +coth (i\/h_Z(é + 60))] . k\/ECSChZ (:I:\/E(é + 50)) (51)
- ka? o o [1+4coth (£vha (& + &))]’
12B%3 — 4okt o +3a3 (1) — 2ka (yf! (1) + 8'(1))
V= 6k2a
(52)

+

Vi (i) [1 4+ coth (=& +&0))]  Viaf(t)esch?® (v (€ + &)

p o [1+coth (£v/7: (€ +&))]

where & = kx+yf(t) + g(¢t).

All solutions obtained above can not be obtained
by the methods of [46—49]. To the best of our
knowledge, they are new and have not be found
in [21,31,33,51-55]. It shows that our method is
more powerful than the methods of [46—49]. The
method proposed in this paper can be applied to other
NLEEs, such as the (3+1)-dimensional Kadomtsev-
Petviashvili equation [20], (2+1)-dimensional Broer-
Kaup-Kupershmidt equations [25], dispersive long
wave equations [20], breaking solition equations [32],
Nizhnik-Novikov-Vesselov equations [37], KdV equa-
tion with variable coefficients [44].

Remark 2. All solutions obtained in this paper have
been checked with Mathematica by putting them back
into the original equations (1) and (2).

4. Conclusion

In this paper, we have proposed a generalized trans-
formation method to seek more general exact solu-
tions of NLEEs. Applying this method to the (2+1)-
dimensional KD equations, we have obtained new
and more general exact solutions including soliton-like
solutions and trigonometric function solutions, from
which all solutions obtained in [49] can be recovered
as special cases. Compared with the methods of [46—
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49], our method is more powerful in searching for ex-
act solutions of NLEEs. The arbitrary functions in the
obtained solutions imply that these solutions have rich
local structures. It may be important to explain some
physical phenomena. This method can be applied to
other NLEEs in mathematical physics.
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